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INTRODUCTION 

Seismic data acquisition often encounters missing traces due to obstacles, environmental 

constraints, and economic limitations (Maurer et al., 2010). Missing traces can also occur 

during the processing steps when the signal-to-noise ratio of the trace is low (e.g., coupling 

issues or high levels of seismic noise). As a result, the seismic data is always irregularly 

distributed along the spatial axes. These missing traces lead to lost information about the 

wave field, inviting uncertainty and inaccuracy in the seismic inversion and imaging of com- 

plex subsurface models. These inaccuracies can accumulate in problems such as velocity 

analysis, noise and multiple suppression, and wave-equation-based imaging (Sacchi and 

Ulrych, 1995; Berkhout and Verschuur, 1997; Weglein, 1999). Accordingly, the 

reconstruction of missing traces plays a fundamental role in seismic processing workflows. 

ABSTRACT  

High-resolution spatial sampling of seismic data is necessary for reliable processing, 

imaging, and interpretation of the data. Accordingly, data reconstruction methods have 

been widely used in the geophysics community to recover missing information (i.e., 

missing traces). We propose a double projection algorithm to recover missing traces. 

The first projection is the hard thresholding projection, which promotes sparsity in the 

transform domain, and the second projection is called Projection Onto the Convex Set 

(POCS), which reinserts the recorded data into the estimated signal. We use the N-

dimensional Discrete Cosine Transform (ND-DCT) as a transformation operator for 

sparse representation of the N-dimensional data. Compared to Fourier transform 

methods, the ND-DCT transform provides real-valued coefficients and is fast when 

applied to data with high dimensionality. Although hard thresholding is a non-convex 

projection, our algorithm has a guaranteed convergence. Moreover, in our method, 

windowing of the data is not necessary. The algorithm provides satisfactory signal 

recovery when applied to synthetic and real data examples. We tested the performance 

of the proposed method on 2D land post-stack seismic data from Alaska’s North Slope 

and the 3D Teapot Dome migrated dataset from Wyoming’s Powder River Basin. 
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Given the importance of this issue, the reconstruction of missing traces has been studied 

extensively in the geophysics community. Wave equation-based methods (Ronen, 1987; 

Stolt, 2002; Fomel, 2003; Kaplan et al., 2010) use migration and de-migration pairs to 

reconstruct missing traces. These methods are efficient in the cases of regularly missing 

data and allow maximum use of available subsurface information. However, they suffer 

from high computational costs and migration artifacts. In rank reduction methods, perfect 

seismic data can be represented by low-rank Hankel matrices built from each frequency 

realization. Missing traces increase the rank of Hankel matrices. Hence, minimizing the 

rank of Hankel matrices recovers the missing information. In rank reduction methods, the 

computational cost of calculating the singular value decomposition (SVD) of Hankel 

matrices and the selection of adaptive rank parameters must be properly addressed 

(Trickett et al., 2010; Oropeza and Sacchi, 2011; Kreimer and Sacchi, 2012; Kumar et al., 

2014; Li et al., 2024). The next methods are based on prediction filters that utilize the 

predictability of signals in the frequency space (f−x) domain. These methods attempt to 

interpolate data at high frequencies using filters derived from low-frequency components 

(Spitz, 1991; Abma and Claerbout, 1995; Gulunay, 1986; Naghizadeh and Sacchi, 2009). 

However, when dealing with non-linear events, local windowing is required to 

approximate the linearity and predictability of the signal of interest. Windowing reduces 

interpolation efficiency due to the limited available data within each window. The last family 

of methods belongs to the majority of reconstruction algorithms, which are performed in a 

transform domain, where the data has a sparse representation and is defined by a few non-

zero coefficients. Domain transformation based on basis functions with high de-correlation 

power can sparsely represent the signal of interest in the transformed domain. However, 

missing traces reduce the sparsity in these domains, and promoting sparsity recovers the 

original signal. The performance of these algorithms depends on the de-correlation power 

of the basis functions and the separability of the signal and noise in the transformed 

domain (Trad et al., 2002; Gü l ü nay, 2003; Herrmann and Hennenfent, 2008). 

In this paper, we propose a double projection algorithm to recover the missing traces. The 

first projection promotes sparsity in the transform domain. The sparsity promotion results in 

representing the effect of missing traces as noise in the transformation domain. 

Consequently, by promoting sparsity, we can suppress the noise and recover missing 

information. The second projection is the Projection onto Convex Sets (POCS) 

proposed by Bregman (1965). POCS allows us to use the available data as a guiding 

constraint to estimate and reconstruct the missing data. To sparsely represent the N-

dimensional seismic signal, we use the N-dimensional Discrete Cosine Transform (ND-

DCT). ND-DCT has been widely used in signal processing and image compression (Ahmed 

et al., 1974; Rhee and Kang, 1999; Jafarpour and McLaughlin, 2009; Rubinstein et al., 

2010). There are some advantages in choosing the ND-DCT domain for seismic data 

interpolation, such as sparsity promotion, boundary handling, and computational efficiency 

(Strang, 1999). ND-DCT compresses the data by concentrating most of the energy in low-

frequency, low-wavenumber components. Unlike the Fourier transform, which spreads 

energy across real and imaginary components, the ND-DCT coefficients are not complex 
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numbers. Accordingly, it is less computationally demanding when used within the optimization 

framework for signal processing purposes. On the other hand, POCS has been widely 

used in geophysics for signal reconstruction studies (Menke, 1991; Abma and Kabir, 

2006; Stanton and Sacchi, 2013; Ravasi and Luiken, 2024). The conventional POCS 

algorithm promotes sparsity in the Fourier domain by thresholding the amplitude 

spectrum of the incomplete data. However, noise contaminates the amplitude and 

phase of the signal of interest. In contrast, in the DCT domain, the amplitude and phase 

information are represented simultaneously by real-valued coefficients. Accordingly, 

sparsity promotion in the DCT domain suppresses the interpolation noise on the 

amplitude and phase components of the signal with missing traces. 

The following sections present a detailed explanation of the proposed method and 

evaluate its efficiency when applied to synthetic and real data. 

METHODOLOGY 

In this section, we explain our double projection-based signal reconstruction 

methodology. The first projection, POCS, reinserts the recorded data back into the 

solution in the data domain. It can also help reduce the noise in the reconstructed data. 

The second projection is a sparsity-promoting projection in the Discrete Cosine 

Transform (DCT) domain. The sparsity criterion quantifies the number of nonzero 

coefficients in a signal representation. Given a signal with M samples and k nonzero 

coefficients, the signal is referred to as k- sparse. The sparsity level is typically 

expressed as the ratio M/k, indicating redundancy in the signal representation. A signal 

is considered highly sparse when k << M, meaning that only a small fraction of its 

coefficients contains significant information. 

We observe that the ground-truth undecimated seismic data can be sparsely represented 

in the DCT domain. However, missing traces are represented as random noise in the 

DCT domain. Hence, missing traces reduce the sparsity level of the representation. 

By incorporating the sparsity-promoting projection, we can suppress the noise caused by 

the decimation process and recover the ideal signal. 

Double projection algorithm 

Seismic data can be written as 

                                                      d = d(t, x),     (1) 

where d is the vectorized version of the data, t is the time, and x is the spatial coordinate. 

The application of a sampling operator S on the ground-truth data provides the decimated 

data with missing traces 

                                                          𝐝obs = Sd,     (2) 

where dobs is the observed data, and S is a diagonal matrix with ones and zeros for 

recorded and missing samples, respectively. To recover the missing traces, we pose the 
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problem as a least squares optimization such that the recovered data fits the recorded 

data 

                                                    𝐝 =  arg min
𝐝

‖𝐒𝐝 − 𝐝obs‖2
2     (3) 

However, this inverse problem is ill-posed, and several solutions can fit the data equally 

well. For example, the decimated data itself is a solution. As a result, the solution is not 

unique. To provide a unique solution, we use two observations: 1) The ground-truth data 

can be sparsely represented in the DCT domain, and 2) the missing traces manifest 

themselves as background noise in the DCT domain and reduce the sparsity level of the 

represented signal. Hence, we modify the cost function of Equation 3 to find a sparse 

model in the DCT domain that can also fit the data. The data-model relationship using 

the DCT transform is as follows 

                                                       d = Am,      (4) 

where A is the inverse ND-DCT transform and m is the ND-DCT domain representation 

of the data. Note that for N-dimensional data, we use the ND-DCT transform, where 

the DCT transform is applied on all dimensions successively. For example, if the data 

is a 2D common offset gather, we apply a 2D-DCT transform. ND-DCT transform is a 

linear operator, and the inverse operator is the same as the adjoint operator. Hence, the 

ND-DCT transform is easy to use, scalable, and fast. Moreover, it provides real-valued 

coefficients in the DCT domain and reduces the computational cost within the 

optimization framework. Thus, the ND-DCT domain sparsity-based objective function 

can be written as 

                                   𝐦̂ =  arg min
𝐦

 ‖𝐒𝐝 − 𝐝obs‖2
2      s.t.      𝐦 ∈  M,   (5)  

where M is the ND-DCT subspace for all possible sparse solutions. This cost function can 

provide sparse solutions in the ND-DCT domain.  Accordingly, it can address the effect 

of missing traces and recover the signal. However, the recovered signal based on sparsity 

assumptions may result in sub-optimal solutions. To take full advantage of the recorded 

data and reduce solution dependence on sparsity assumption, we apply another 

projection in the data domain (i.e., the POCS projection). POCS projection reinserts 

the recorded data into the predicted data and guarantees that the final solution fits the 

ground-truth recorded data. Also, with the POCS, there is a possibility for noise 

suppression in the recorded data. By incorporating the POCS projection into 

Equation 5, we have 

                                𝐦̂ = arg min
𝐦

 ‖𝐒𝐝 − 𝐝obs‖2
2    s.t.      𝐦 ∈ M,  d ∈ Ω    (6)  

where Ω is the subspace in the data domain defined by POCS projection. To develop 

the double-projection algorithm we re-write Equation 6 as 

                   𝐦̂ = arg min
𝐦

 ‖𝐒𝐝 − 𝐝obs‖2
2 +  λ‖𝐦‖0      s.t.  d = θ𝐝obs + (I − θS)Am  (7) 
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where λ is a regularization parameter that balances the importance of the sparsity level of 

the model and the data misfit term, d is the reconstructed data, θ is a denoising 

parameter in the POCS projection, and I is an identity matrix. We use the ℓ0 norm as a 

regularization term to promote sparsity in the recovered model. The ℓ0 norm can be 

interpreted as a sparse projection, which is non-convex. We also have the POCS 

projection term; however, the POCS projection is convex. Accordingly, we need to find a 

proper algorithm to solve the cost function of Equation 7. Without considering the POCS 

projection, we solve the cost function of Equation 7 via a gradient projection method 

proposed by Blumensath (2012). The algorithm is called Iterative Hard Thresholding (IHT) 

and has guaranteed convergence if the SA matrix is orthonormal. Here we use S as the 

sampling matrix and A as the inverse ND-DCT transform. It can be shown that the L = SA 

operator is orthonormal, and all the eigenvalues of the LT L matrix are equal to one. The 

IHT algorithm also shows that the ℓ0 norm sparsity term can be represented via the hard 

thresholding projection. Hence, to solve the cost function of equation 7, we first solve the 

first two terms via the IHT method and then apply the POCS as the second projection. We 

call this method a double projection algorithm. 

The steps of the algorithm are as follows. We first use the gradient of the misfit function 

to update the solution 

                              𝒎𝑘 = 𝒎𝑘−1− βAT ST (SA𝒎𝑘−1 − 𝐝obs),   (8) 

where β is the step size and k indicates the iteration number. Next, we apply the hard 

thresholding projection to promote sparsity in the solution 

                                            𝒎𝑘 = H(𝒎𝑘, τ )     (9) 

where H is the hard thresholding operator, τ is the thresholding parameter, defined 

as τ= 𝜆/2𝛾, and γ is the maximum eigenvalue of the LT L matrix. Since the SA matrix is 

orthonormal, γ = 1 and τ= 𝜆/2 are valid. In the hard thresholding operator, if the 

absolute value of the jth element in 𝒎𝑘 is less than the thresholding parameter τ (i.e., 

|mj| ≤ τ), that element will be zeroed out. To guarantee the convergence of the 

algorithm, we must satisfy 0 < β <2 / 𝛾 . 

Finally, we apply the POCS projection to reinsert the original recorded data back into 

the predicted data 

                                              𝐝𝑘 = θ𝐝obs+ (I − θS)A𝐦𝑘,     (10) 

where 0 ≤ θ ≤ 1 is the noise suppression factor.  We repeat Equations 8-10 until the 

algorithm converges. Algorithm 1 is the pseudo-code for the proposed double projection 

algorithm. In the next section, we use numerical examples for evaluating the 

performance of the proposed algorithm on synthetic and real-world data. 
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Algorithm 1 Proposed Double Projection Algorithm 

 

Require: 𝐝obs, A, S, m0 = A𝐝obs, τ = 
𝜆

2
, θ, 0 < β < 2 

while Not Converged do 

𝒎𝑘 = 𝒎𝑘 − βAT ST (SA𝒎𝑘−1− 𝐝obs) 

𝒎𝑘 = H(𝒎𝑘, τ ) 

𝐝𝑘 = θ𝐝obs+ (I − θS)A𝒎𝑘 

end while 

d̂ ← dk 

m̂ ←mk 

 

NUMERICAL EXAMPLES 

To evaluate the performance of the proposed algorithm, we first use noise-free synthetic 

data. Then, we test its efficiency on a noisy synthetic example. We further test the 

sensitivity of the algorithm to the regularization parameter under different signal-to-noise 

(SNR) ratios and decimation percentages. Then, we show the performance of the method 

in recovering signals with different SNR and decimation percentages. To calculate the 

quality of reconstruction, we use the following merit function which is reported in dB: 

                                          𝑄 = 10. log10(
‖𝐝𝑖𝑑𝑒𝑎𝑙‖2

2

‖𝐝𝑖𝑑𝑒𝑎𝑙− 𝐝𝑟𝑒𝑐𝑜𝑛‖2
2)      (11) 

where dideal is the data without missing traces, drecon is the reconstructed data, and 

Q is the quality of reconstruction. Finally, we apply the proposed algorithm to the 2D 

land post-stack seismic dataset from Alaska’s North Slope and the 3D Teapot Dome 

migrated dataset from Wyoming’s Powder River Basin. 

Note that the thresholding parameter is defined as τ =
𝜆

2𝛾
, and we use 𝛾 ≈ 1. 

Moreover, our algorithm does not assume the linearity of the events in the data. 

Accordingly, in all numerical examples, we use the whole dataset, and windowing of data is 

not required. Here, we test the algorithm on irregularly decimated data where there is no 

aliasing in the data. 
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Synthetic data 

We generate synthetic data with three linear crossing events. Figure 1a shows the 

ideal data without missing traces and Figure 1b is the data with 30% irregularly missing 

traces. Figure 1c is the reconstructed data using the proposed method. The corresponding 

2D-DCT coefficients in Figures 1d-1f highlight the effect of missing traces in the 2D-DCT 

domain. 

Figure 1: Synthetic noise-free data with three linear events. a) True data. b) 30% decimated data. c) 

Reconstructed data using the proposed algorithm. d), e), f) are the 2D-DCT coefficients of a), b), c), 

respectively. 
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The missing traces are present as background noise in the 2D-DCT domain, and our method 

successfully suppresses this noise and recovers the original data. We use θ = 0.95, β = 

1, and λ = 0.14. The quality of reconstruction is Q = 18.7 dB. We run the algorithm for 

100 iterations. The algorithm reaches the predefined convergence tolerance limit of 

tol=10−4 after 65 iterations. Figure 2 shows the convergence curve of the proposed method 

on noise-free synthetic data. 

Figure 2: The convergence curve of the proposed algorithm on noise-free synthetic data. 

Then, we add band-limited random Gaussian noise with SNR= 4 to the noise-free data in 

Figure 1a. Figure 3 represents the noisy data with missing traces and its 2D-DCT 

coefficients. In the case of noisy data, we use θ = 0.85, β = 1, and λ = 0.25. With θ = 

0.85, we can simultaneously recover the signal and suppress the noise in the data (Figure 

3b). The quality of reconstruction is Q = 14.8 dB. 

Next, we evaluate the sensitivity of the algorithm to the regularization parameter. The 

sensitivity analysis of the proposed method for the regularization parameter (λ) 

investigates how variations in SNR and the decimation percentage influence the choice of 

the optimal λ. We use different levels of missing traces and noise and generate 50 

realizations for each combination of the noise with SNRs = {0.75, 1.25, 1.5, 1.75, 2, 2.5, 

3, 3.5, 4} and decimation percentages of 5 to 50% with increments of 5%. To find the 

optimal λ, we use 32 logarithmically spaced numbers between 10−6 and 10. Then, for each 

realization and combination of SNR, and decimation percentage, we calculate the optimal 

λ, which gives the maximum reconstruction quality. Next, we calculate the mean and 

standard deviations of all optimal regularization parameters for each combination of the 

SNR and the decimation percentage. Figure 4-(left) shows the mean values of the optimal 

regularization parameters for different SNR and decimation percentages. The figure  
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Figure 3: Synthetic noisy data with three linear events. ( a) 30 % decimated data with SNR=4. (b) 

Reconstructed data. (c), (d) are the DCT coefficients of (a), (b), respectively.  
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Figure 4: Sensitivity and performance analysis of the proposed method. (Left) Sensitivity to regularization 

parameter, and (Right) Success and failure regions of the method. 

 

illustrates that by increasing the decimation percentage and decreasing the SNR, the 

optimal λ increases. The variations in optimal λ indicate that the method is not too 

sensitive to this parameter. Moreover, to analyze the performance of the method in 

recovering missing information under different SNR and decimation percentages, we create 

50 realizations for each combination of SNR and decimation percentage and use the 

previously calculated optimal values of λ to recover the signal. Then, we calculate the 

mean and standard deviation in the quality factor of reconstruction, for each 

combination. The performance of the algorithm in reconstructing the signal is 

represented in Figure 4-(right). The graph shows two distinct regions: a success region 

and a failure region. In this illustration, a quality factor of more than 12 is considered a 

successful recovery and shows that by reducing the SNR and increasing the 

percentage of decimation, the quality of reconstruction decreases. 

The proposed algorithm takes advantage of the full dataset and does not assume linearity of 

signal in the data domain. Here we show that when the signal has parabolic events (small 

curvatures) the algorithm can successfully recover the original signal of interest. Figure 5 shows 

the performance of the algorithm on a synthetic dataset with three hyperbolic events. These 

events are made with different curvatures such that there is no spatial aliasing in the data. The 

data has 30% irregularly missing traces. For this example, we use θ = 0.95, β = 1, and λ = 0.04, 

and achieve a quality factor of Q = 17.6 dB. 
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Figure 5: Synthetic noise-free data with three hyperbolic events. (a) Original data. (b) 30% decimated data. 

( c) Reconstructed data using the proposed algorithm. ( d)-(f) are the 2D-DCT coefficients of (a)-(c), 

respectively. 

Real data 

The application of the algorithm to a 2D land-based post-stack dataset from the north 

slope of Alaska is illustrated in Figure 6. The North Slope of Alaska has been a primary 

target for oil production since 1977. The seismic dataset covers the oil-rich region, 

including key areas such as the Prudhoe Bay oil field. Data are primarily used for oil 

and gas exploration, but also for understanding geological features, environmental 

monitoring, and engineering applications. Seismic surveys are collected using 3D and 

2D methods, with 3D surveys providing detailed subsurface maps and 2D surveys offering 

cross-sectional views. The Alaska Division of Geological and Geophysical Surveys 

(DGGS), the US Geological Survey (USGS), and the National Petroleum Reserve-Alaska 

(NPRA) provide access to segments of these datasets. To evaluate the algorithm 

performance, we use the post-stack data processed from 2D dataset lines 31 to 81. 

We irregularly remove 40% of the traces. To recover the data, we use the proposed 

algorithm with θ = 0.95, β = 0.1, and λ = 0.4. The algorithm converges after 120 

iterations. Figure 6 shows the data before and after applying our proposed interpolation 

method. The result demonstrates the algorithm’s ability to recover information in data with 

linear and non-linear structures in seismic events. 
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Figure 6: Segment of a land post-stack seismic section from the North Slope of Alaska, with (a) 40% missing traces, 

and (b) after reconstruction using the proposed algorithm. 

The proposed method can also be used on data with higher dimensions. To test it on 3D 

data, we use the Teapot Dome migrated dataset, which is a high-resolution seismic 

dataset acquired in a structurally complex region in Wyoming’s Powder River Basin, which is 

known for its significant oil reserves. It is characterized by faulted and folded 

sedimentary layers associated with hydrocarbon reservoirs. The dataset consists of 

densely sampled seismic reflection data, providing detailed subsurface imaging 

capabilities. Segments of the Teapot Dome seismic dataset are publicly available 

through the U.S. Geological Survey (USGS). The selected subset aims to capture 

significant lateral and vertical variations in reflectivity, fault zones, and stratigraphic 

discontinuities. We apply 60% decimation on the Teapot dome data and reconstruct with 

θ = 0.95, β = 0.1, and λ = 1.8. Figures 7a and b show the original and decimated Teapot 

Dome data. The recovered data is represented in Figure 7c. Figure 7d is the same as 

Figure 7c except that we zeroed out the traces that had no data in the original ground-

truth volume. The outputs show that the algorithm can successfully recover the 

information even though the data has several complex features. To take advantage of 

the full dataset, we can apply the algorithm on the offset classes of pre-stack data 

instead of the migrated section. 



 
VOL. 48, NO. 1 • SPRING 2025 

 
 
 
 
 

 

 
 

120 

120 

Double projection seismic data interpolation algorithm 

Zahra Sadeghi, Nasser Kazemi, and Fiona Darbyshire 

Figure 7: The real migrated 3D land data of Teapot Dome oil field. (a) The recorded and processed 

seismic data, (b) with 60% missing traces, (c) after reconstruction using the proposed algorithm, and (d) 

after zeroing out the traces with no amplitude in the ground-truth data. 

DISCUSSION 

Reformulating the POCS as a gradient descent (projection) model update allows us to develop 

a mathematical foundation that guarantees the convergence of the algorithm. Moreover, the 

proposed double projection framework can further benefit from the acceleration strategies 

previously developed for IHT that allow the algorithm to utilize the information from previous 

iterations to improve the convergence and stability of the algorithm. Our choice of DCT over 

other transforms is motivated by several factors. The conventional POCS algorithm promotes 

sparsity in the Fourier domain by thresholding the amplitude spectrum of the incomplete data. 
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However, noise contaminates the amplitude and phase of the signal of interest. In contrast, in 

the DCT domain, the amplitude and phase information are represented simultaneously by real-

valued coefficients. Accordingly, sparsity promotion in the DCT domain suppresses the 

interpolation noise on the amplitude and phase components of the signal with missing traces.  

DCT is well known for excellent energy compaction of the signal in a few low-frequency DCT 

coefficients. One of the key advantages of our method is that it does not require windowing of 

the signal, which can reduce reconstruction quality because of limited local information and the 

effect of patching and unpatching on the final reconstructed image. However, windowing could 

be beneficial in scenarios where there are strong nonlinear events. In this case, windowing can 

locally enhance the sparsity of the representations and improve the performance of the 

algorithm. In this study, we focused on randomly decimated data to validate the basic behavior 

and convergence of the proposed method.  

However, application of the interpolation algorithm to data with regularly missing traces with 

spatial aliasing is necessary (Ng and Negut, 2017). Our future work is focused on applying the 

algorithm to data with regularly decimated data that has strong spatial aliasing. Our algorithm 

also assumes that the data is sampled on a regular spatial grid, and the ND-DCT is applied 

based on the uniform indexing of the data. To incorporate spatial coordinates, we need to use a 

non-uniform ND-DCT transform. In the future, we will explore this non-uniform ND-DCT 

transform and expand the algorithm to 5D pre-stack data.  

CONCLUSIONS 

We have developed a double projection algorithm to reconstruct missing traces. We have 

shown that missing traces are represented as background noise in the ND-DCT domain. 

The missing traces decrease the sparsity level of the ND-DCT domain model. Hence, by 

promoting sparsity, the proposed algorithm could suppress this noise and recover the 

original data. We also used POCS as a second projection to re-insert the ground-truth 

recorded data into the estimated data. Hence, POCS is used as a guiding constraint so 

that the data can be optimally utilized within the inversion process. It also resulted in 

simultaneously suppressing the noise in the data. We discussed the sensitivity and 

performance of the algorithm to the input parameters and provided rules for tuning these 

parameters to guarantee convergence. We successfully tested the double projection 

algorithm on synthetic data, 2D post-stack land data from Alaska’s North Slope and 3D 

migrated Teapot Dome data from Wyoming’s Powder River Basin.  
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